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Additive involutions and Hamel bases
Wojciech Jablon´ski
Abstract. Our aim is to give other proofs of some slight generalizations of results from
Baron (Aequat Math, 2013). We describe larger classes of discontinuous additive involutions
a : X → X on a topological vector space X such that a(H) \ H = ∅ holds for a suﬃciently
numerous set H ⊂ X of vectors linearly independent over Q. We also consider the topo-
logical vector space AX of all additive functions a : X → X with the topology induced by
the Tychonoﬀ topology of the space XX . We prove in a simple way that some classes of
discontinuous additive involutions are dense in the topological vector space AX .
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1. Introduction
Following a footnote in [2, p. 325], K. Baron constructed in [1] an example of
a class of discontinuous additive involutions a : X → X on a real topological
vector space X satisfying
a(H)\H = ∅ (1)
for every at least three-element set H ⊂ X of vectors linearly independent
over Q. The following result was also proved there.
Theorem 1. Let X = {0} be a real topological vector space and let us consider
the linear topological space XX of functions from X into X with the usual
addition and multiplication by scalars and with the Tychonoﬀ topology. Put
AX = {a ∈ XX : a is additive}
and consider AX with the topology induced by XX . The sets
{a ∈ AX : a is a discontinuous involution and (1) holds for every uncountable
set H ⊂ X which is linearly independent over Q},
{a ∈ AX : a is a discontinuous involution and a(H) = H for a Hamel basis H
of the space X over the ﬁeld Q}
are dense in AX .
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The main purpose of the paper is to present generalizations of the men-
tioned results which will be equipped with simplest proofs. The new approach
is based on the fact that any additive function on a linear space is a Q-linear
operator. We begin with examples of larger classes of discontinuous additive in-
volutions a : X → X such that (1) holds for a suﬃciently numerous set H ⊂ X
of vectors linearly independent over Q. Further, we give a slight generalization
of Theorem 1 with an elementary and simple proof.
2. Additive involutions
By an involution on a nonempty set X we mean every function f : X → X
such that f ◦ f = idX . It is a trivial observation that if f, g : X → X and f ◦ g
is an injective function, then g is, too. Similarly, if f ◦ g is surjective, then so
is f . These two simple facts imply that any involution is a bijective mapping.
Assume now that X is a real vector space. By a Hamel basis of the space X
we mean an arbitrary basis of the space X over Q. Put
AX = {a ∈ XX : a is additive on X}.
It is known that every additive mapping a : X → X is Q-linear (the proof of
this simple fact for X = Rn can be found in [2] and it is completely the same
in the general case for real vector spaces). Hence we may consider a as a linear
operator on the space X over the ﬁeld Q.
Remark 1. Since every a ∈ AX is Q-linear, it may be properly deﬁned by
choosing its values on a Hamel basis of the space X.
Denote
InvX = {a ∈ AX : a ◦ a = idX }.
We begin with
Fact 1. For every a ∈ InvX there is a unique decomposition of the space X
over Q in the form X = X+a ⊕ X−a , where
X+a = {x ∈ X : a(x) = x},
X−a = {x ∈ X : a(x) = −x}
are subspaces of X over Q.
Proof. It is obvious that X+a and X
−
a are subspaces of X over Q,X
+
a ∩ X−a =
{0} and
X 





∈ X+a + X−a .

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Remark 2. It follows from Fact 1 that every a ∈ InvX is a symmetry with
respect to X+a and along X
−
a .
Fix a ∈ InvX . On account of Fact 1 we may properly deﬁne
ind+(a) = dimQ X+a ,
ind−(a) = dimQ X−a ,
where dimQ denotes the dimension of the considered subspace over the ﬁeld Q.
Considering the dimensions of X+a and X
−
a (over Q) we will be interested only
in distinguishing when the dimensions of the spaces under consideration are
ﬁnite or not.
Remark 3. In order to construct a ∈ InvX ⊂ AX satisfying, let us say,
ind+(a) = m, it is enough to take a Hamel basis B of the space X, ﬁx el-
ements b1, . . . , bm ∈ B and deﬁne a : X → X by
a(bi) = bi for i∈ {1, . . . ,m} and a(b) = −b for b ∈ B\ {b1, . . . , bm}.
Fix a positive integer m and deﬁne classes
Ind+m(X) = {a ∈ InvX : ind+(a) = m},
Ind−m(X) = {a ∈ InvX : ind−(a) = m}.
Theorem 2. If X is a real topological vector space, a ∈ ⋃∞l=1(Ind+l (X) ∪
Ind−l (X)) then a is discontinuous.
Proof. Fix m ∈ N and a ∈ Ind+m(X). Suppose that a is continuous. Then a is
R-linear (for the proof of this fact for X = Rn we refer the Reader to [2] and
its generalization for real topological vector spaces can be proved in the same
way) and hence X+a = {x ∈ X : a(x) = x } is a closed and non-trivial subspace
of X. This is in contradiction with the fact that ind+(a) = dimQ X+a is ﬁnite.
Similarly, if we suppose that a ∈ Ind−m(X) is continuous, and hence R-linear,
then X−a = {x ∈ X : a(x) = −x } is a closed and non-trivial subspace of X.
This leads to contradiction with the ﬁniteness of ind−(a) = dimQ X−a . 
3. Example of classes of involutions satisfying (1)
Let X be a real vector space. We begin with some property of bases in X.
Fact 2. Let v = (vi)i∈I be a Hamel basis of the space X. Fix k, l ∈ I and deﬁne
v′ = (v′i)i∈I by
v′k = vk + vl, v
′
l = vk − vl and v′i = vi for i ∈ I \ {k, l}.
Then v′ is the Hamel basis of X.
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We prove
Lemma 1. Let a ∈ InvX and let v ⊂ X be a set of vectors linearly independent
over Q such that cardv = n ∈ N and a(v) = v. Then ind+(a) ≥ [n+12 ], where
[x] denotes the integer part of x.
Proof. Put v1 = v ∩ X+a and v2 = v \ v1. If v2 = ∅ then v ⊂ X+a , which
means that ind+(a) ≥ cardv = n ≥ [n+12 ].
Assume now that v2 = ∅ and let cardv1 = k < n. Since a ∈ InvX v2












1 for i ∈










Then a(wi1) = w
i
1, which means that w
i
1 ∈ X+a for every i ∈ {1, . . . , n−k2 }. Put
w = {wi1 : i ∈ {1, . . . , n−k2 }}. On account of Fact 2 we get that v1 ∪ w is the
set of vectors linearly independent over Q. Consequently







If n is even, then n+k2 ≥ [n+12 ] whereas if n is odd then k ≥ 1 and also
n+k
2 ≥ [n+12 ]. This means that ind+(a) ≥ [n+12 ]. 
Now we are in a position to prove our ﬁrst result.
Theorem 3. Fix m ∈ N and assume that X is a vector space with dimQ X ≥
2m + 1. Let a ∈ Ind+m(X). Then a(v) \ v = ∅ holds for every set v ⊂ X of
vectors linearly independent over Q with cardv ≥ 2m + 1.
Proof. Fix a ∈ Ind+m(X) and suppose that for some set v ⊂ X of vectors
linearly independent over Q with cardv ≥ 2m + 1 we have a(v) ⊂ v. Since
each involution is a bijective mapping with at most two-element orbits, we
ﬁnd a ﬁnite subset v′ ⊂ v of vectors linearly independent over Q such that
cardv′ ≥ 2m + 1 and a(v′) = v′. On account of Lemma 1 we get
ind+(a) ≥
[
2m + 1 + 1
2
]
= m + 1,
which leads to contradiction with the assumption ind+(a) = m. 
A simple consequence of Theorems 2 and 3 is the following
Corollary 1. Fix m ∈ N and assume that X is a non-trivial real topological
vector space. Let a ∈ Ind+m(X). Then a is discontinuous and a(v) \ v = ∅ for
every set v ⊂ X of vectors linearly independent over Q with cardv ≥ 2m + 1.
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4. Density
Let X be a non-trivial real topological vector space and consider the topological
space XX of all functions from X into X equipped with the Tychonoﬀ topology.
We will treat AX as a topological space with the topology induced by XX .
Our main result of this section reads as follows
Theorem 4. Deﬁne
A1 = {a ∈ InvX : a is discontinuous and a(H) \ H = ∅ for every inﬁnite
set H ⊂ X of vectors linearly independent over Q}




A2 = {a ∈ InvX : a is discontinuous and a(H) = H for some Hamel
basis H ⊂ X}




The sets A′1 and A′2, and consequently also A1 and A2, are dense in the
space AX .
In the proof of Theorem 4 we use, similarly as it was in the proof of [1,
Theorem 2], the following lemma (see [1, Corollary 1]).
Lemma 2. If for each m ∈ N and for every h1, . . . , hm, hm+1, . . . , h2m ∈ X
that are linearly independent over Q there exists a ∈ D ⊂ AX such that
a(hn) = hm+n for every n ∈ {1, . . . ,m},
then D is dense in AX .
Proof of Theorem 4. Note that Corollary 1 implies A′1 ⊂ A1. We prove now,
in a similar way, that A′2 ⊂ A2.
Indeed, ﬁx any a ∈ A′2. Hence ind−(a) = m with some m ∈ N. On account
of Theorem 2 we ﬁnd that a is discontinuous on X. Since ind−(a) = m, we
ﬁnd for the function a a Hamel basis H = (hi)i∈I of X (over Q) and a ﬁnite
set {i1, . . . , im} ⊂ I such that
a(hik)=−hik for k ∈ {1, . . . ,m} and a(h)=h for h ∈ H \ {hi1 , . . . , him}.
(2)
Choose arbitrary {hj1 , . . . , hjm} ⊂ H \ {hi1 , . . . , him} and deﬁne H ′ = (h′i)i∈I
by
h′ik = hjk + hik and h
′
jk
= hjk − hik for k ∈ {1, . . . ,m},
h′i = hi for i ∈ I \ {i1, . . . , im, j1, . . . , jm}.
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By Fact 2 we know that H ′ is a Hamel basis of X. Moreover, by (2) we obtain
a(h′ik)=a(hjk + hik)=a(hjk) + a(hik)=hjk − hik = h′jk for k ∈ {1, . . . ,m},
a(h′jk) = a(hjk − hik)=a(hjk) − a(hik)=hjk + hik =h′ik for k ∈ {1, . . . ,m},
a(h′i) = a(hi) = hi = h
′
i for i ∈ I \ {i1, . . . , im, j1, . . . , jm}.
Consequently a(H ′) = H ′.
Finally, we prove the density of the sets A′1 and A′2 in the space AX . Let us
ﬁx an arbitrary positive integer m and a set v={h1, . . . , hm, hm+1, . . . , h2m} ⊂
X of vectors linearly independent over Q. Let H ⊂ X be an extension of v to
a Hamel basis of X. Deﬁne a1, a2 ∈ AX (on the basis H) by
aj(hi)=hm+i and aj(hm+i)=hi for i∈{1, . . . ,m} and j∈{1, 2},
a1(h) = −h and a2(h) = h for h ∈ H \ v. (3)
Since aj are linear on X over Q and a2j (h) = h for each h ∈ H, aj ∈ InvX for
j ∈ {1, 2}.
For the Hamel basis H we deﬁne H ′ ⊂ X by
h′i = hi + hm+i and h
′
m+i = hi − hm+i for i ∈ {1, . . . ,m},
h′ = h for h ∈ H \ v.
By Fact 2 we ﬁnd that H ′ is a Hamel basis of X and from (3) we get
a1(h′i) = h
′
i for i ∈ {1, . . . ,m},
a1(h′m+i) = −h′m+i for i ∈ {1, . . . ,m},





i for i ∈ {1, . . . ,m},
a2(h′m+i) = −h′i for i ∈ {1, . . . ,m},
a2(h′) = h′ for h′ ∈ H ′ \ v.
(5)
Since H ′ is the Hamel basis of X (over Q), (4) implies ind+(a1) = m, whereas
from (5) we derive ind−(a2) = m. Hence a1 ∈ A1 and a2 ∈ A2. Applying
Lemma 2 we obtain the density of A′1 and A′2 in AX . 
5. Open problems
Baron presented Theorem 2 from [1] during the 15th International Confer-
ence on Functional Equations and Inequalities (Ustron´, May 19–25, 2013).
Following the question posed by J. Schwaiger after K. Baron’s lecture we may
ask
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Problem 1. (J. Schwaiger) Is it possible to prove similar results (as Theorems 3
and 4) for additive functions satisfying
a ◦ . . . ◦ a︸ ︷︷ ︸
k
= id,
where k ≥ 3 is an integer?
We may also generalize this problem and put the following question.
Problem 2. Is it possible to prove similar results (as Theorems 3 and 4) for
additive functions satisfying
α0 · id +
k−1∑
j=1
αj · aj + ak = 0,
where αj ∈ Q for j ∈ {0, . . . , k − 1}, aj = a ◦ . . . ◦ a︸ ︷︷ ︸
j
and k ≥ 2 is an integer?
Finally, we saw in Theorem 4 that families A′1,A′2 as well as A1,A2 are
dense in AX . The question is how big are they in the topological sense, i.e. we
may ask
Problem 3. Is it true or not that the families Ind+m(X) and Ind
−
m(X) for m ∈ N
are of ﬁrst category in AX?
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